Fractional analysis is an important method for mathematics and engineering , and fractional differentiation inequalities are great mathematical topic for research [22] [23] [24] . In the present paper we point out a new viewpoint to Fourier analysis in fractal space based on the local fractional calculus , and propose the local fractional Fourier analysis. Based on the generalized Hilbert space [48, 49] , we obtain the generalization of local fractional Fourier series via the local fractional calculus. An example is given to elucidate the signal process and reliable result.
Introduction
Fractional calculus has been used in describing physical phenomena such as visco-elasticity [1] [2] [3] , continuum mechanics [4] [5] [6] , quantum mechanics [7] [8] [9] , diffusion and wave phenomena [10] [11] [12] [13] [14] [15] [16] , and other branches of applied mathematics [17] [18] [19] [20] [21] and nonlinear dynamics [22] [23] [24] have been studied.
As is well known, fractal curves are everywhere continuous but nowhere differentiable, and we cannot employ fractional calculus to describe the motions in cantor time-space [25] [26] . Recently, a modified Riemann-Liouville derivative [27] [28] [29] [30] [31] [32] and local fractional derivative has been proposed to deal with the non-differential functions. Local fractional calculus is revealed to deal with everywhere continuous but nowhere differentiable functions on cantor sets. For these merits, local fractional calculus was successfully applied in the local fractional Laplace transform (also called the Yang-Laplace transform) [48] [49] [50] [51] , the local fractional Fourier transform (also called the Yang-Fourier transform) [48, 49, [52] [53] [54] [55] , the Hölder inequality in fractal space [56] , the local fractional short time transform [48, 49] , the local fractional wavelet transform [48, 49] , the fractal signals [54, 57] , the discrete Yang-Fourier transform [58] and the fast Yang-Fourier Transform [55] .
In this paper we investigate the local fractional calculus of real functions, the fractional-order complex mathematics and the generalized Hilbert space, and we focus on local fractional Fourier analysis based on local fractional calculus. The paper is organized as follows. In section 2 the local fractional calculus of the real functions is discussed; in section 3 we investigate the fractional-order complex mathematics and the complex Mittag-Leffler functions; in section 4 we prove the generalization of local fractional Fourier series in generalized Hilbert space; in section 5 we propose the local fractional Fourier analysis; in section 6 we give the a example of the expansion of local fractional Fourier series with the complex Mittag-Leffler functions and conclusions are in section 7.
Local fractional calculus of real functions

Local fractional continuity
Definition 1 If there exists [48, 49] |f
Definition 2 A function f (x) is called a non-differentiable function of exponent α,0 < α ≤ 1, which satisfies Hölder function of exponent α, then for x, y ∈ X such that [48, 49, 54] |f
Definition 3 A function f (x)is called to be continuous of order α,0 < α ≤ 1, or shortly α continuous, when we have that [48, 49, 54] 
Remark 1. Compared with (4) , (1) is standard definition of local fractional continuity. Here (3) is unified local fractional continuity.
Local fractional calculus
denoted by
Remark 3. The following relations hold
3 Fractional-order complex mathematics Definition 6 Fractional-order complex number is defined by [48, 49] 
where its conjugate of complex number shows that
, and where the fractional modulus is derived as
Definition 7
Complex Mittag-Leffler function in fractal space is defined by [48, 49] 
for z ∈ C(complex number set) and 0 < α ≤ 1.
The following rules hold:
When z α = i α x α , the complex Mittag-Leffler function is computed by
with cos α
, for x ∈ R and 0 < α ≤ 1, we have that
and
4 Generalization of local fractional Fourier series in generalized Hilbert space
Generalized inner product space
Definition 8 Let V be a complex or real vector space. A generalized inner product on a vector space V is a function⟨x α , y α ⟩ α on pairs (x α , y α ) of vectors in V × V taking values satisfying the following properties [48, 49] :
A generalized inner product space is a generalized vector space with an inner product. Given a generalized inner product space, the following definition provides a norm:
Now we can define a scalar (or dot) product of two T -periodic functions f (t) and g (t) as
For more materials, we see [48, 49] .
Generalized Hilbert space
Definition 9 A generalized Hilbert space is a complete generalized innerproduct space [48, 49] . Suppose {e α n } is an orthonormal system in an inner product space X.The following are equivalent [48, 49] :
(1)span {e For more details, see [48, 49] . Here we can take any sequence of T -periodic fractal functions φ k , k = 0, 1, ... that are 1. Orthogonal:
Complete: If a function x (t) is such that
for all i, then x (t) ≡ 0.
Generalization of local fractional Fourier series in generalized Hilbert space
Definition 10 Let {φ k (t)} ∞ k=1 be a complete, orthonormal set of functions. Then any T -periodic fractal signal f (t) can be uniquely represented as an infinite series
This is called the local fractional Fourier series representation of f (t) in the generalized Hilbert space. The scalars ϕ i are called the local fractional Fourier coefficients of f (t).
Local fractional Fourier coefficients
To derive the formula for ϕ k , write
and integrate over one period by using the generalized Pythagorean theorem in fractal space ⟨f,
Because the functions φ k (t) form a complete orthonormal system, the partial sums of the local fractional Fourier series
converge to f (t) in the following sense:
Therefore, we can use the partial sums
to approximate f (t). Meanwhile, we have that
The sequence of T -periodic functions in fractal space {φ k (t)} ∞ k=0 defined by
are complete and orthonormal, where ω 0 = 2π T . A more common way of writing down the local fractional trigonometric Fourier series of f (t) is this
Then the local fractional Fourier coefficients can be computed by
This result is equivalent to results [48, 49, 53, 54] . Another useful complete orthonormal set is furnished by the Mittag-Leffler functions:
where ω 0 = 2π T .
Local fractional Fourier analysis
Any periodic fractal function f (t) can be represented with a set of Mittag-Leffler functions as shown below.
where ω 0 = 2π T . Representing a fractal function in terms of its local fractional Fourier series components with the Mittag-Leffler functions in fractal space is called the local fractional Fourier analysis. Here the Mittag-Leffler-function terms are orthogonal to each other since
and the energy of these fractal signals is unity because
Now this process also show that
Hence we get the local fractional Fourier coefficient as follows:
In like manner, we derive F k as
The weights of the Mittag-Leffler functions are computed by
For any interval [t 0 , t 0 + T ], we show that
When T → ∞ and ω 0 → 0, the sum becomes a local fractional integral and ω 
The function f (t) can recovered from f
6 An illustrative example
in local fractional Fourier series.
Since the local fractional Fourier coefficients can be derived as
Hence, for 0 < t ≤ l 2 , the fractal signal is presented as
Conclusions
In this paper the local fractional Fourier series in generalized Hilbert space is investigated, and the local fractional Fourier analysis is proposed based on the Mittag-Leffler functions. Particular attention is devoted to the analytical technique of the local fractional Fourier analysis for treating these local fractional continuous functions in a way accessible to applied scientists. There is an efficient example, which is given to elucidate the signal process and reliable result. It is shown that local fractional Fourier analysis is the convenient Fourier analysis [59] when fractal dimension α is equal to 1.
